Abstract-This paper presents a relation between the three glacier surface velocity components, the surface flux-divergence, glacier thickness and bottom melt and displacement. The relation can be used as an extension to the surface parallel flow assumption often used with interferometric synthetic aperture measurements of glacier velocities. The assumptions for the derivation are described and important limitations high-lighted.
I. INTRODUCTION
Conventional interferometric synthetic aperture radar can provide measurements of surface displacement (velocities) in one look direction. By using data from ascending and descending orbits two independent velocity components can be measured. Combined with e.g. a surface parallel flow assumption the 3-D velocity field can be derived, [1] , [2] .
In [3] the surface parallel flow approach is extended with a submergence/emergence term derived using the principle of mass conservation. The method is applied to a glacier in the ablation zone in [4] , and accuracy issues are discussed in [5] .
The extension accounts for the submergence/emergence velocity which, particular in the ablation zone, is often many meters per year even for glaciers in steady state. The draw-back is that it requires knowledge of ice-thicknesses. Additionally, it requires assumptions on the flow inside the ice body and on the conditions at the glacier bottom. Such assumptions, though, are strictly speaking required with all methods for 3-D velocity extraction based on 1-D or 2-D surface velocity measurements.
The purpose of the present paper is to provide a presentation of the ideas in [3] and to highlight the underlying assumptions. The present paper additionally uses a more realistic assumption for the density-depth profile. This does not change the results in the ablation zone, but has some implications in the accumulation zone.
First we describe the surface boundary condition and the equation of continuity for a glacier. Combined they provide a relation between the horizontal and the vertical velocity components. Finally, we describe how the relation may be used in the ablation zone and highlight some fundamental limitations.
II. SURFACE BOUNDARY CONDITION
The surface boundary condition for an ice sheet,
is given in [3] . It relates rate of change of the surface elevation, ∂S/∂t, to the horizontal velocity vector v S , the surface slope grad S, the vertical ice-particle (pole) velocity, and the specific mass balance. The instantaneous specific mass balance, b S is measured in meters per time unit of the material which is added/removed by the accumulation/ablation process. Equation (1) is valid at any instant. The first term on the right-side of (1) depends on the orientation of the coordinate system used. For example, in a coordinate system aligned with the surface, this component is zero. This term is denoted the surface parallel flow component. The term, w S , is the vertical velocity of an ice particle. The sum of the first two terms, w S − v S ·grad S, is the submergence/emergence velocity, i.e. the upward or downward flow of ice relative to the surface at a point fixed in space. The last term describes the surface elevation change related to mass balance.
III. EQUATION OF CONTINUITY
The vertically integrated equation of continuity for an ice sheet,
is given in [6, p. 256] . It states that there are three terms which may change the mass, m =
S B
ρ dz, of a column of unit area fixed in space. The first is the divergence of the two-dimensional mass flux vector, q, with the components,
ρu dz, and q y = S B ρv dz, where (u, v) are the horizontal velocity components. The last two terms state that mass may additionally be added from the surface, S, and the bottom, B. Again, the specific mass balances, b S and b B , are measured in meters per unit time of material with the specific densities ρ S and ρ B . Equation (2) is also valid at any instant.
The critical part in our analysis is to derive an equation which relates the surface change rate, ∂S/∂t, to the column mass change rate, ∂m/∂t. In the following a number of processes which potentially change the depth-density profile over time at a fixed position are described. The changes are most pronounced in the accumulation zone and assumed very small in the ablation zone with ice from the surface to the bottom. Climate related density variations are investigated in [7] . From [7, Fig. 3 ] we estimate a compression of the depthdensity profile on the order of 0.5 cm/y for a 1 K change in surface temperature; with Byrd station surface conditions. From [7, Fig. 4 ] we estimate an extension of the depth-density profile on the order of 1.5 cm/y for a 10% change in accumulation.
Seasonal and shorter variations of temperature and accumulation are assumed to cause larger variations of the densitydepth profile, but we do not have any estimates. However, in terms of combination with interferometric measurements, the problem is reduced, since the radar penetrates up to some tens of meters into firn.
Also, the depth-density profile is likely to change in case of a non-stationary flow, but again we do not have estimates for the significance of this effect.
Using assumption A, the mass-change rate can be calculated as
We also have that ice-thickness S − B may be calculated as
An expression for the mass change rate in a unit column can now be derived by inserting the derivative of (4) in (3), which
Under the assumption A), the equation of continuity, valid at any instant, may finally be written as
IV. 3-D VELOCITY COMPONENTS RELATION
This section describes an approach for deriving a relation between the vertical surface ice particle (pole) velocity, w S , and the two-dimensional horizontal surface velocity, v S . The first step is to combine the surface boundary condition, (1) , and the equation of continuity, (6), which yields
This, off course, includes terms describing the processes at the bottom and inside the ice-body. The bottom processes is melt/freeze, described by b B , and time-variations of the bottom position, described by ∂B/∂t. For a grounded glacier the bottom terms may often be ignored. For such a glacier the problematic issue is the flux-divergence term, − div q/ρ B , which depends on the flow-field and densities inside the glacier. In order to derive a relation with surface (and bottom) quantities only, the following assumptions are additionally adopted in [3] ASSUMPTION B: The horizontal velocity in a column may change magnitude but not azimuth. This implies that the horizontal velocity vector at a given depth may be expressed as the surface velocity vector multiplied by a velocity-depth profile.
ASSUMPTION C: The velocity-depth profile is constant near the surface and the depth-density profile is constant near the bottom. The two zones with variation does not overlap, see Fig. 2 for an example.
Combined with assumption A, which states time-invariance of the depth-density profile, the following expression for fluxdivergence term was derived in [3] 
In this equation the vertical variation of the density is accounted for by the mean density in the column, ρ. Likewise, the vertical variation of velocity magnitude is accounted for by a velocity profile factor, F , which is the ratio between the column mean value and the surface value of | v S |. A further simplification is to assume a slow horizontal variation of ρ, ρ B , and F . In that case is 
V. ABLATION ZONE APPLICATION
This section describes simplifications possible in the ablation zone, the resulting relation between the velocity components, and briefly describes an approach for solution of the resulting differential equation(s).
A. Ablation zone simplification
For a practical application of (7) combined with (8) or (9) the first problem is that the ice-thickness, h, has to be known. Today, the most feasible approach is to use airborne ground penetrating radar.
In the ablation zone, ρ S = ρ B = ρ. This simplifies the right-hand side of (8) , to div (F h v S ). However, without detailed knowledge of the bottom relief and extensive additional modelling the spatial variation of F is difficult to account for. Thus, in our work we use a constant value for F , so that (8) is reduced to (9), [4] . Another complication is that the assumption of an flow-direction independent of depth might also be violated near flow around basal obstacles and bumps. We think that F and flow-direction variations are two major, but not prohibitive, error sources.
Finally, values for b B and ∂B/∂t must be supplied, but most often zeroes would be good estimates.
B. 3-D velocity derivation from interferometry
Using the above assumptions for a glacier in the ablation zone, the relation between the velocity components becomes
Interferometry from ascending and descending orbits provides two measurements of the glacier velocity. The resulting three equations for deriving the 3-D velocity become
where v a , and v d are the projections of the unknown glacier velocity v on the line-of-sight unit vectorsn a ,n d for ascending and descending orbits respectively. The surface normal, n s , is calculated by (−∂S/∂x, −∂S/∂y, 1).
With the right-hand side of (11c) set to zero, the above equation system (11) is the well-known system for determining surface parallel flow velocities from interferometry.
It is seen that the use of the equation of continuity just adds an additional term, − div(F h v S ). This term is the submergence/emergence velocity.
C. Flux-divergence calculation
The flux-divergence term in (11) prevents a simple pixel by pixel calculation of the 3-D velocities, since one does not have direct access to the spatial derivatives of F h v S . However, with some averaging of the resulting flux-divergence fields, it is possible to use an iterative approach, [4] . First, the fluxdivergence is set to zero, and the resulting (surface-parallel) velocities are calculated. That flow field is then used to calculate divergences, and the equation system is again solved for the 3-D velocities. The process is repeated until convergence.
VI. CONCLUSIONS
In this paper an equation for the submergence/emergence velocity was described. The equation extends the standard surface parallel flow approach with a surface flux-divergence term. The approach to simplification of the underlying mass conservation equations was described and the resulting limitations outlined.
